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Marek Rakus?

ABSTRACT

This paper estimates a fiscal-limit model for Slovakia that integrates deterministic demographic ageing
and replicates past government debt dynamics. Sovereign default is treated as the consequence of the
government’s inability to satisfy the intertemporal budget constraint. Bayesian estimation of model
parameters allows the fiscal-limit distribution to reflect underlying economic and fiscal fundamentals.
The paper introduces two summary indicators: debt thresholds associated with given probabilities of
unavoidable default; and unavoidable default risk at the current debt level. It also outlines a framework
for forecasting and decomposing these indicators. The results show that demographic ageing and the
current level of public debt are the main drivers of long-run unavoidable default risk. The model-based
safe debt level associated with a 5% probability of unavoidable default declines from 105.9% of GDP
in 1999 to 46.3% in 2024. Since observed public debt in 2024 is already above this level, the model
implies that stabilising debt at current levels would not be sufficient to restore a low-risk fiscal position.
Because demographic ageing enters the model deterministically through transfers, lowering
unavoidable default risk would require a lower debt-to-GDP ratio.
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1. Introduction

As governments take on higher levels of debt, their risk of sovereign default is assumed to increase.3
Sovereign default does not necessarily represent a strategic decision by the government but may
instead arise from limited prospects of debt repayment. One approach to modelling this risk is the
concept of the fiscal limit, introduced in Bi (2012), which is grounded in a dynamic stochastic general
equilibrium (DSGE) framework.

The fiscal limit represents the maximum level of debt at which default remains avoidable. This value,
corresponding to the maximum discounted sum of future primary surpluses,* is unobserved because
of uncertainty surrounding future economic shocks. Instead, a probability distribution (referred to as
the fiscal-limit distribution) is introduced to capture the likelihood that default remains avoidable.

A central objective in the fiscal-limit literature (Bi, 2012; Bi & Traum, 2012; Bi & Traum, 2014) is to
examine how expectations about the probability of default influence sovereign risk premia. This paper
departs from that approach by not introducing the risk premium channel, thereby eliminating the need
to impose a specific definition of the default event.s Instead, the focus lies on the fiscal-limit
distribution,® from which direct probabilistic statements about default can be made. Moreover, a
distinction is drawn between the probability that the government is unable to avoid default in the long
run (referred to as the probability of unavoidable default) and the probability that the government
defaults in the long run (referred to as the probability of default). The probability of default requires
assumptions about the government’s willingness and ability to undertake all necessary actions to avoid
default. By focusing on the probability of unavoidable default, the results presented in Section 4 avoid
assumptions about time-varying political causes of default and concentrate solely on policy-related
determinants. With these limited assumptions about the default event and political risk, model
parameters can be estimated directly. Estimation, rather than calibration, is used to minimise the role
of subjective judgement in the fiscal-limit analysis.

The model replicates the past dynamics of government debt by incorporating the primary balance and
stock-flow adjustments within the set of observable variables.” To facilitate comparison of fiscal limits
across years, a fiscal-limit distribution with a liquidity buffer is introduced, capturing the role of liquid
financial assets that can be used to lower gross debt.

Although the fiscal-limit model is grounded in a DSGE framework, it differs from standard DSGE models
by focusing on the long-term dynamics of the economy outside its steady state. This long-term focus
highlights the importance of expectations regarding economic trends. In the case of Slovakia, one such
trend is the pressure from demographic ageing, captured in the model by the old-age dependency
ratio. Because many aspects of this pressure are known in advance, the model assumes a fully

3 The increase in the risk of sovereign default depends on several time-varying, country-specific factors, including the size
of the economy, the capacity to conduct independent monetary policy, the structure of public debt, and the degree of
financial market confidence.

4 The maximum is taken over the set of all possible government policies, excluding sovereign default. In this paper, the
discounted sum of future primary surpluses is adjusted for stock-flow adjustments.

5 The papers (Bi, 2012; Bi & Traum, 2012; Bi & Traum, 2014) define the default event by linking partial default to the
realisation of a random variable with a fiscal-limit distribution. Expectations regarding this partial default then affect the
sovereign risk premia.

6 Bi(2017) similarly explores the fiscal-limit distribution directly, without introducing the risk premium channel.

7 In papers concerned with the estimation of the fiscal-limit model (Bi & Traum, 2012; Bi & Traum, 2014), the real interest
rate is instead used as an observable variable. This approach does not replicate the observed debt dynamics and may
overstate the historical debt-stabilising effect of the primary surplus.
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deterministic old-age dependency ratio. Consequently, the fiscal limit depends not only on the
base-year values of model variables, as in Bi (2012), but also on projected demographic trends. This
modelling choice is particularly relevant for Slovakia. A substantial part of the country’s long-term fiscal
pressure stems from demographic ageing, which is to a large extent predictable from demographic
projections. A framework that captures transfer dynamics only through regime switching may reflect
historical developments but would understate the extent to which future fiscal capacity is already
constrained by a known ageing trend.

The purpose of this paper is twofold. First, it incorporates deterministic demographic ageing into the
fiscal-limit framework, replicates observed government debt dynamics and estimates a fiscal-limit
model for Slovakia. Second, it introduces a framework for assessing the probability of unavoidable
default. This includes defining two fiscal-limit indicators: debt thresholds associated with a given
probability of unavoidable default; and unavoidable default risk. The methods used for forecasting the
fiscal-limit distribution under specific scenarios and for decomposing the fiscal-limit indicators are also
outlined.

The Council for Budget Responsibility (CBR) has previously used projections of the fiscal-limit
distribution in its Reports on the Long-term Sustainability of Public Finances. In CBR (2020), it
introduced debt-threshold indicators based on the model in Mucka (2019), and in CBR (2023)
expanded the framework with a default-risk indicator. The CBR appears to have been the first
institution to apply the fiscal limit in fiscal-sustainability assessment. The contribution of this paper,
however, extends beyond an application to Slovakia. It presents the first Bayesian estimation of a
fiscal-limit model for Slovakia, the first incorporation of deterministic demographic ageing into a
fiscal-limit model, and the first full framework for forecasting the fiscal-limit distribution under specific
scenarios and decomposing fiscal-limit indicators. While elements of the fiscal-limit-based approach
to fiscal sustainability assessment have been used previously in CBR reports, this paper is the first to
document the framework and to present the theoretical foundations underlying this application.

The remainder of the paper is structured as follows. Section 2 introduces the fiscal-limit model. Section
3 presents the estimation of model parameters and details the calibration used. Section 4 presents the
framework for using fiscal-limit indicators in fiscal sustainability analysis. Section 5 concludes.

2. Model

Output (GDP), y;, is determined by a linear production function in the level of productivity, A;, and
labour supply, n;. Household consumption, ¢;, and government consumption, g;, are subject to the
aggregate resource constraint:

Ve = Agng = ¢ + gt (1)
The level of productivity follows an AR(1) process:
A —A=pA(A;1 — A) + oeft, ef~N(0,1), (2)
where A denotes the steady-state level of productivity.
2.1. The government

The government issues one-period zero-coupon bonds b;with unit face value and price q;. Because
the model is a closed economy, these bonds are held by the representative household. The price g,
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summarises the financing cost of government debt: in the absence of default, a bond purchased at
time t for q; pays one unit at time t + 1, implying a gross return of 1/q;. If partial default occurs, the
realised gross return equals (1 — A;,1)/q;. Issuance of new bonds is driven by the primary surplus s;
and the stock-flow adjustment (SFA) f;:

qebe = (1 = Apbi_1 — s¢ + [ (3)
The government may partially default on its liabilities b;_, by a fraction A;.
The SFA is modelled as an exogenous random variable around its steady-state value, f:
fo—f=d'el, ef~N(OD. (4)

The government’s primary surplus is defined as the difference between tax revenue, determined by
the labour-income tax rate, 7;, and government expenditure, which consists of government
consumption and transfers to the representative household, z;:

St = TeAy — G — Z¢- (5)

Government consumption and transfers follow AR(1) processes. Government consumption responds
to deviations of productivity from its steady-state level. Transfers respond both to productivity and to
demographic ageings, captured by the old-age dependency ratio (OADR), O;:

Gt —9 =p9(ge-1— 9) +09¢] + x9(4, — A), &/~N(0,1), (6)
zy — 2 = p*(zi_1 — 2z) + o%ef + x* (A — A) + Y (0, — 0), €f~N(0,1), (7)

where g,z and O denote the steady-state values of government consumption, transfers, and the
OADR, respectively. The parameters y9 and yZ capture the productivity response of government
consumption and transfers, while 1) captures the effect of demographic ageing on transfers.

2.2. The household

The representative household maximises a Greenwood-Hercowitz-Huffman (GHH) utility functions, as
in Greenwood et al. (1988). The household’s optimisation problem can be written as

K
max E Z fln (c - —n(1+1/“)>,
{cemebede=o 0 por g 14 1/a t (8)
s.t. (1 - Tt)Atnt + Zt + ft + (1 - At)bt—l = Ct + qtbt'

The parameters of the utility function are the discount factor 5, the relative weight on labour disutility
Kk, and the Frisch elasticity, a. E; denotes expectations conditional on the information available at time
t. In the budget constraint (8), the SFA enters as a financial market transfer to the household.

8 In the original approach by Bi (2012), transfers are modelled using a regime-switching process with stationary and
explosive regimes. While this framework can account for historical developments, it abstracts from the demographic
pressures underlying them. By contrast, incorporating deterministic ageing makes it possible to capture part of the
information already embedded in demographic projections.

9 The GHH-type utility function represents a departure from the approach in Bi (2012), which used
constant-elasticity-of-substitution (CES) separable preferences in consumption and labour. In Battistini et al. (2019), GHH-
type preferences are used as an alternative to CES-separable preferences to obtain a more realistic peak of the Laffer
curve.
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For convenience, define the utility composite v, as

K (1+1/a)

(9)

The household’s problem (8) yields the following first-order conditions:

— vt _
qe = E¢ [.3 ert (1 At+1)]- (11)

In this closed-economy setup, the representative household is the holder of government bonds. Bond
market clearing is therefore implicit in the notation: the variable b; denotes both household holdings
of one-period government bonds and the stock of government debt outstanding, while the Euler
equation (11) determines the equilibrium bond price q;.

In addition, the household’s problem implies the transversality condition:

. ; 43
lim E, | g/**
Jmeo Vttj+1

(1= Apijs1)besj| = 0. (12)

Since transfers (7) are influenced by the OADR, the representative household can be normalised to
one working-age individual with O, retired individuals, implying a total size of 1 + O;,.

2.3. Old-age dependency
Three alternative definitions of the OADR are considered:

1. Fixed-age definition: the ratio of the number of individuals aged 65 and over to the number of
individuals aged 20-64;

2. Retirement-age definition: the ratio of the number of individuals at or above the statutory
retirement age to the number of individuals aged 20 up to the retirement age;

3. Prospective definition: the ratio of the number of individuals whose remaining life expectancy
(RLE) is below 20 years to the number of individuals whose age and RLE are both above 20
years (Sanderson & Scherbov, 2007).

The fixed-age definition incorporates demographic information, while the prospective definition
additionally accounts for changes in RLE. The retirement-age definition is directly related to changes
in the size of government transfers. In Slovakia, the statutory retirement age reflects changes in RLE
(in the long-term projections), although historically and in the medium-term projections it was set
using a different set of rules (Figure 1).

To ensure that policy-induced changes in transfers are fully captured by &7, while developments in RLE
remain incorporated, the prospective definition is used for the OADR.
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The definitionsto of the OADR above only consider the population aged 20 and above. In the absence
of large, unexpected shocks to mortality or migration, the relevant population projections are
generally stable, at least over the near-term 20-year horizon. Moreover, changes in RLE are generally
stable in the near term, as most expected improvements follow trends that have already materialised
in more developed countries. Because of these predetermined trends, it is not straightforward to
model the OADR as an exogenous AR process. To address this, the model assumes a fully pre-revealed,
deterministic, and exogenous OADR.

This treatment is especially important for Slovakia, where demographic ageing is a major and largely
foreseeable source of long-term pressure on public finances. Modelling transfers through a
deterministic ageing path makes it possible to incorporate information that would be only imperfectly
captured by a regime-switching specification.

Figure 1: Considered definitions of the old-age dependency ratio
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Source: Eurostat, CBR demographic projections

Note: The shaded area indicates the CBR projections. RLE in 2020-2022 was affected by the COVID-19 shock. As this effect was largely
temporary, the prospective OADR for 2020-2022 was linearly interpolated between its 2019 and 2023 values. To smooth any discrepancies
in the data, a 3-year moving average was applied to the prospective OADR.

The CBR’s long-term demographic projections extend until 2159, at which point the prospective OADR
stabilises at 34.1%. Beyond that, the OADR is assumed to remain at its steady-state value.

2.4. Fiscal limit

The intertemporal budget constraint (IBC) follows from the debt dynamics equation (3), the Euler
equation (11), and the transversality condition (12):

10 There are other definitions of the OADR. The most common definition expresses it as the ratio of the number of
individuals aged 65 and over to the number of individuals aged 15-64. While the definition of the OADR may influence
the results, the term entering equation (7) captures only the deviation of the OADR from its steady-state value, not its
level. The model does not assign a direct economic interpretation to the OADR; it serves solely as a proxy for the impact
of demographic ageing.

8

www.rrz.sk

| \|ﬂ|




Too old for high debt: Fiscal limits and ageing in Slovakia
R R Z Working Paper No. 01/2026

b, = Etzdt+j—1(st+j _ft+j)' (13)
=1

Since bonds are one-period zero-coupon securities, the inverse of the bond price, 1/q;, is the gross
return in the absence of default. The stochastic discount factor, d;, is defined as

j -1
1 Qe+k-1 B Vey1

deyiqg = E — — —-F |l
H tfltkzll_AHk ‘ 1—Apyq1 Viyj

vj>1. (14)

’

Probability of unavoidable default

The probability that the IBC (13) cannot be satisfied under any government policy excluding sovereign
default is equivalent to the probability that the government is unable to avoid partial default in the
long run. This probability, which is a function of the base-year level of debt, is referred to as
the probability of unavoidable default, p;(-). In other words, this is the probability that default
becomes inevitable in the long run given current conditions, even if the government takes all feasible
fiscal actions to avoid it.

The probability of unavoidable default does not rely on any assumption about the timing of default; it
only reflects the necessity of default implied by the IBC (13). It is therefore a structural rather than a
political concept: it measures whether default can be avoided under the most favourable fiscal policy
admissible in the model, abstracting from political or institutional constraints that may prevent such
adjustment in practice.

The probability of unavoidable default can be derived from the fiscal-limit distribution B* conditional
on the base-year state of the economy S; = (4;, g¢, Z¢, f+, Tr), and the deterministic projection of the
OADR Q; = {04 j}m:

pe(x) = Pr(X, <x), X ~B*(S, Q). (15)

The conditional fiscal-limit distribution represents the distribution of the maximum discounted sum of
primary surpluses net of SFA, conditional on no partial default occurring in any future period:

[o¢]

1
B*(S¢, () = — max Etzdt+j—1(st+j ~ f+j) . (16)
t Tt+j jz1 = )
Vjzl: Apyj=0

Equivalently, the fiscal-limit distribution (16) is the distribution of the maximum debt-to-GDP ratio at
which default remains avoidable.

Assuming that the government treats the stochastic discount factor as exogenous!:, because the
relevant term is predetermined one period ahead, the fiscal-limit exercise fixes the tax rate at 7, ; =

T for all j > 1. Here, tM® = Toa s the time-invariant revenue-maximising tax rate under GHH-

11 Alternatively, if the government treats the stochastic discount factor as endogenous, there may exist a time-varying
sequence {ft+j}j>1 that yields a higher fiscal limit than 7™2%. However, since the tax rate is set one period after the
discount factor is realised, the household does not necessarily expect such a sequence to represent the government’s
policy. Without the ability of the government to set the tax rate one period in advance, the sequence {‘EH]-}PI may not

be attainable.
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type preferences, corresponding to the peak of the Laffer curve. It is introduced as the tax policy that
yields the largest primary surplus attainable through the tax instrument for a given expenditure path,
not as a welfare-maximising policy.

Liquid financial assets buffer

The fiscal-limit distribution (16) does not take into account the time-varying composition of
government debt. Liquid financial assets (LFA), [;, defined as the difference between gross and net
debt (Figure 10), represent a buffer to the fiscal-limit distribution. To avoid a default event, the
government may choose to reduce the level of gross debt by lowering the base-year level of LFA, [;.
To represent this additional LFA buffer available to the government, the fiscal-limit distribution with
the LFA buffer is introduced, B?%/:

min

BLY(S,,1,,Q,) = ty— +B*(S,, Q) (17)
t

where ™1 js the lowest level of LFA that the government is able to reach in the base year.:

The value of [; is not included in the set of government policies; the buffer reflects only the additional
resources available to the government in the event of a possible default.

Figure 2: Fiscal-limit CDF
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Note: Base year 2024 has been chosen as the last year in the estimation dataset. Base year 1999 has been chosen as the first year of
estimation dataset, for which LFA data are available.

Formally, in the model, the change in LFA affects the SFA. This change, [; — l;_4, is assumed to be an

exogenous random variable with zero mean and accounts for part of the SFA shock, erf. Only the

base-year level of the SFA is affected by the introduction of the LFA buffer; the projected values of the
SFA continue to be defined by equation (4).

12 The value ™M does not represent the absolute minimum of LFA. Instead, it reflects the minimum level that the
government can attain in the base year. In subsequent periods, LFA may fall below {™i",
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The cumulative distribution function (CDF) of the state-dependent fiscal-limit distribution corresponds
to the probability of unavoidable default for different levels of base-year debt (Figure 2).

Probability of default

The probability that the government will default in the long run (the probability of default) does not
necessarily coincide with the probability of unavoidable default. By definition, the probability of
default cannot be lower than the probability of unavoidable default. While the government may be
able to avoid default by implementing the revenue-maximising tax policy, T™2%, there may still be a
risk of the government being unwilling or politically unable to do so. Estimating this political risk® is
not straightforward, as it is potentially time-varying and may be influenced by random political
processes.

The focus of this paper is on the probability of unavoidable default, which does not require additional
assumptions about political risk. This focus also avoids the need to assess the relative political risk
associated with different governments.

3. Model parametrisation

The household discount factor is calibrated to 0.98. The relative weight on labour disutility is obtained
from the steady-state equation (10).

3.1. Steady state calibration

The model assumes a unit steady-state level of productivity, with the steady-state level of labour equal
to 1/4, as in Bi (2012).

The steady-state value of the debt-to-GDP ratio is set to 50%. This value corresponds to the upper
boundary of the legislatively defined debt brake for Slovakia and matches the historical average
observed after the adoption of the euro as the national currency.

The steady-state level of the SFA-to-GDP ratio is calibrated to zero, which is consistent with the data
and with standard practice.

The steady-state value of the LFA-to-GDP ratio is set to 6.1%, corresponding both to its historical
average and to the value to which the CBR forecast in CBR (2025b) converges.

It is important to note that Slovakia has not historically been in the model’s steady state, in which
(1 -pB)b =s, where s denotes the steady-state value of the primary surplus. Since output,
determined through labour supply, is sensitive to the tax rate used to stabilise debt, the steady-state
level of output may lie below its historical values. Consequently, the ratios g/y and z/y are estimated
rather than calibrated from historical long-run averages. The situation is different for the ratio b/y,
which serves to anchor the debt-stabilising fiscal rule in the estimation model and can therefore be
interpreted as a long-run target.

The steady-state value of the OADR corresponds to its long-run level in the CBR demographic
projections (Figure 1).

13 Arepresentation of the political risk, as introduced in Bi & Traum (2012), is to discount the future primary surpluses net
of SFA by an additional constant political-risk discount factor.
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3.2. Estimation

There are two main reasons for estimating the remaining model parameters. First, the fiscal-limit
distribution is parameter-sensitive by construction, which motivates the use of Bayesian estimation
and is explored further in the sensitivity analysis in Appendix C. Bayesian estimation disciplines the
model with data while remaining influenced by the choice of priors, thereby reducing potential bias.
Second, estimation based on historical data provides historical estimates of unobserved variables such
as productivity. In this way, estimation delivers the base-year state from which the fiscal-limit
distribution can be calculated. All reported baseline results are computed using the posterior mode of
the estimated parameter vector.

To avoid expanding the shock space unnecessarily, and because pre-1999 data are missing, the LFA are
not included among the observable variables during estimation. Therefore, the SFA are modelled using
equation (4). The value I™™ s set to the sample minimum of the historical LFA series, defined using
the estimated values of output and the historical LFA-to-GDP ratio. Because ™" js reported in model
levels rather than as a ratio to GDP, its numerical value differs from the corresponding historical
minimum LFA-to-GDP ratio.4

Tax rate

In contrast to the fiscal-limit model, where the tax rate is fixed at 7™2* and the OADR is fully pre-
revealed, estimation requires two additional equations: one for the tax rate and one for the OADR. For
estimation, the tax rate is set to stabilise government debt and incorporates an AR(1) component with
policy shocks €f, as in Bi & Traum (2012):

T —T=p"(t4_1— 1) +0'ef +y(bs —b), €~N(0,1), (18)
where T and b denote the steady-state values of the tax rate and government debt, respectively.

Old-age dependency ratio

The fiscal-limit distribution (16) assumes that the OADR is fully pre-revealed and deterministic. By
contrast, for estimation, it is modelled as an exogenous AR(1) process:

0 — 0 =p°0i_1 —0) +3%f, €2~N(0,1). (19)

Owing to the structure of the model equations, the effect of changes in the dependency ratio arises
only once they materialise. Hence, pre-revealing the OADR has no impact during estimation. However,
a pre-revealed OADR does affect the forward-looking fiscal-limit distribution. It is important to note
that this does not imply a different set of assumptions for the estimation of model parameters and the
calculation of the fiscal limit; this modelling choice serves solely to allow the OADR to be included in
the estimation.

Since the OADR AR(1) process (19) is independent of the remaining model variables, its parameters p°
and @ are estimated separately on pre-2020 data. This restriction avoids the temporary distortion of
the prospective OADR in 2020-2022 caused by the COVID-19 shock to remaining life expectancy.

14 The historical minimum of the LFA-to-GDP ratio is 2.6% of GDP in 2011.
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Share of defaulted liabilities

The approach in the literature (Bi, 2012; Bi & Traum, 2012; Bi & Traum, 2014) is to introduce a
definition of the share of defaulted liabilities, A, that relates it to the fiscal-limit distribution.
Specifically, A; is assumed to be nonzero if a stochastic realisation of the fiscal limit drawn from its
distribution falls below the current level of government debt. This definition, however, introduces
several assumptions about the nature of the default event: (i) default occurs immediately when the
draw from the fiscal-limit distribution is below the current level of government debt; (ii) default has a
certain assumed size; and (iii) the fiscal-limit CDF used here represents the probability of default rather
than the probability of unavoidable default.

Table 1: Parameters

Calirated parameters

Household discount factor B 0.98

Relative weight on labour disutility K Solution of steady-state equation (10), 4.4619

Minimum base-year level of LFA [min Minimum value in the sample, 0.0076
Steady-state values

Productivity A 1

Labour n 1/4

Debt-to-GDP ratio b/y 0.5

SFA-to-GDP ratio fly 0

LFA-to-GDP ratio l/y 0.061

OADR 0 0.341

Function Mean SD Mode 90 % HPD interval

Frisch elasticity a Gamma 0.7 0.7/15 0.6698 [0.6144; 0.7605]
Interaction parameters

Ageing impact parameter 1/7 Gamma 0.4 0.4/3 0.2933 [0.1676; 0.4928]

Tax rate adjustment parameter ¥ Gamma 1 1/1.5 1.3633 [0.4048; 2.4445]

Productivity impact on gov. cons. ¥9 Gamma 0.5 0.5/1.5 0.3884 [0.0927; 1.0874]

Productivity impact on transfers bl Gamma 0.5 0.5/1.5 0.4962 [0.1576; 0.9239]
Steady-state values

Gov. consumption-to-GDP ratio gly Uniform 0.3 0.2/v/12 0.2687 [0.2370; 0.3034]

Transfers-to-GDP ratio z/y Uniform 0.175 0.15/v/12 0.1581 [0.1374;0.1788]
Persistence parameters

Productivity pA Beta 0.3 0.1 0.4570 [0.2847; 0.6333]

Government consumption p9 Beta 0.5 0.15 0.7026 [0.5809; 0.8312]

Transfers p* Beta 0.5 0.15 0.6995 [0.5962; 0.8918]

Tax rate pt Beta 0.9 0.05 0.9715 [0.9506; 0.9879]

OADR p° Beta 0.95 0.025 0.9672 [0.9361; 0.9861]
Shock standard deviations

Productivity o4 Gamma 0.01 0.01/1.5 0.0141 [0.0106; 0.0178]

Government consumption o9 Gamma 0.025 0.025/1.5 0.0214 [0.0179; 0.0280]

Transfers load Gamma 0.025 0.025/1.5 0.0069 [0.0057; 0.0091]

SFA gf Gamma 0.025 0.025/1.5 0.0328 [0.0270; 0.0412]

Tax rate o’ Gamma 0.025 0.025/1.5 0.0094 [0.0074; 0.0126]

OADR o Gamma 0.01 0.01/1.5 0.0045 [0.0036; 0.0059]

Source: CBR demographic projections, author’s assumptions and calculations
Note: SD - standard deviation, HPD - highest posterior density. OADR parameters are estimated separately on pre-2020 data.

The fiscal-limit distribution (16) is conditional on the share of defaulted liabilities being zero in all future
periods. As such, for the fiscal-limit distribution to be defined, there is no need to introduce a specific
definition for the share of defaulted liabilities. The purpose of the definition used in the literature is to
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introduce the sovereign risk premium, which arises from expectations regarding the share of defaulted
liabilities in equation (11).

Similarly to Bi (2017), the analysis in this paper does not explore the risk premium channel. No explicit
definition of the share of defaulted liabilities is introduced, as doing so could complicate the
estimation. The variable A; is introduced in equation (3) solely for the sake of the derivations above.

Historically, in the case of Slovakia, the share of defaulted liabilities, A;, in equation (3) has never been
positive. Moreover, it is imposed that the expectations of this share have also never been positive,
which simplifies equation (11).

Priors

As shown by the sensitivity analysis in Appendix C, the fiscal-limit distribution can be sensitive to
parameter choices. This sensitivity is inherent to the fiscal-limit object (16), since the fiscal limit is
defined as the discounted sum of future primary surpluses net of SFA. Changes in structural
parameters may therefore affect primary surpluses in every future period, magnifying their effect on
the level of the distribution. The calibration and estimation choices must therefore be carefully
disciplined. In this paper, the remaining model parameters are estimated, but the priors are chosen
with two external anchors in mind. First, the prior on the ageing-impact parameter is set so that the
implied effect of demographic ageing on transfers is broadly consistent with projected ageing-related
pressure on public finances in CBR (2025a). Second, the priors are chosen so that the model-implied
unavoidable default risk at the current debt level is broadly aligned with previous fiscal-limit-based
estimates for Slovakia in CBR (2023). Although parameter changes can shift the fiscal-limit distribution
to the left or right, the sensitivity analysis suggests that the shape of the distribution is comparatively
less affected than its location. The precise level of fiscal space is therefore parameter-sensitive, but
the qualitative conclusion that fiscal space has deteriorated over time remains broadly similar across
the parameter variations considered.

For the nominal variables, by, g¢, Z, f;, the priors of AR(1) processes are formulated in ratio-to-GDP
terms to ensure interpretability and comparability with the tax-rate process. Shock standard deviations
are therefore expressed relative to the steady-state level of output. The interaction parameters are
additionally adjusted?s for the persistence of the respective AR(1) processes:

o9 o? aof
F=—, ¢°=—, ¢ =—,
y y y
20
- 1 l/) = Y = 1 Xg y 1 Xz ( )
YV=cm——n, V=V VWm0 =m0
y(1—p%) 1-pY) y(1—p9) y(1-p%)

The transformations in (20) express the raw coefficients entering the model equations in economically
interpretable units. For nominal fiscal shocks, the breve parameters are standard deviations expressed
relative to steady-state output. For interaction parameters, the transformation also accounts for the
persistence of the relevant AR(1) process. Hence, ¥% and 1) are the long-run responses of transfers-to-
GDP to productivity and the OADR, respectively. Analogously, ¥9 is the long-run response of
government consumption-to-GDP to productivity, while ¥ is the long-run tax-rate response to the
debt-to-GDP gap.

15 Bi & Traum (2012) point out that transforming the tax-adjustment parameter in this way makes priors more comparable
to those used in the literature.
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Since the Frisch elasticity determines the revenue-maximising tax rate, 7™ = T its prior is kept

relatively tight around the value of 0.7. Although empirical estimates of the Frisch elasticity can vary
substantially across settings, the relevant range is more limited in this framework because each value
of @ maps one-to-one into an implied value of T™2*, which is the key object for the fiscal-limit
calculation. The prior is therefore chosen to discipline the implied revenue-maximising tax rate rather
than to take a strong stand on the broader empirical literature on the Frisch elasticity. The resulting
revenue-maximising tax rate is estimated at 59.5%. Although this value is relatively high, the model
assumes that government expenditure is fully independent of government policies, which necessitates
higher revenue when maximising the primary surplus. This implies that the fiscal limit is evaluated
under a very demanding tax-based adjustment, rather than under an insufficient fiscal response.

3.3. Equilibrium and model environments

The analysis uses two closely related model environments: the fiscal-limit environment and the
estimation environment. Both share the same structural core given by equations (1) to (12). The fiscal
shocks and productivity shocks are described by equations (2), (4), (6) and (7). In both environments,
the model is a closed economy with a representative household holding the government’s one-period
zero-coupon bonds. Bond market clearing is therefore implicit in the notation: the variable b; denotes
both household holdings of government bonds and the stock of government debt outstanding, while
the equilibrium bond price q; is determined by the household Euler equation (11). The two
environments differ in the treatment of the tax rate and the old-age dependency ratio, and in the role
assigned to government debt.

In the fiscal-limit environment, the old-age dependency ratio follows the deterministic projected path
Q = {0t+j}j>1’ no partial default occurs in future periods, A¢, ; = 0 for all j = 1, and the government

chooses the revenue-maximising tax rate 7., ; = t™# for all j = 1. For a given base-year state §; =
(A¢, 9t 21, [, T) and, where relevant, the base-year level of liquid financial assets [;, the fiscal-limit
distribution is generated by stochastic processes for ¢t j, Ny, Yerjr Qevjr St+jr Getjr Zewjr AN frgj
such that equations (1), (2), (4) to (12) and (14) hold, and the fiscal-limit distribution is defined by
equations (15) to (17). Current government debt b, does not enter the fiscal-limit calculation itself,
because the fiscal limit is the distribution of debt levels consistent with no future default. Debt enters
only when this distribution is evaluated at the observed debt-to-GDP ratio level p;(b;/y:).

In the estimation environment, equations (1) to (12) remain unchanged, while equations (18) and (19)
determine the tax rate and the old-age dependency ratio, respectively. For given initial conditions, an
estimation equilibrium is therefore a collection of processes for ¢;, n¢, ¥¢, q¢, be, Str 9e» Ztr [, Te, @and
O; satisfying equations (1) to (12), (18), and (19). The model does not represent the share of defaulted
liabilities explicitly: consistent with the historical absence of sovereign default in Slovakia, both realised
and expected default are set to zero.

The two environments therefore share the same structural core, while differing in the treatment of
the tax rate, the old-age dependency ratio, and the role of debt. This allows model parameters and the
base-year state of the economy to be estimated using historical data, while the fiscal-limit distribution
is evaluated under the tax policy that maximises future primary surpluses and under the deterministic
demographic path relevant for long-term fiscal sustainability analysis.

1

%]




Too old for high debt: Fiscal limits and ageing in Slovakia
R R Z / Working Paper No. 01/2026

4. Framework of fiscal-limit analysis

This section presents the framework used to analyse fiscal sustainability through the fiscal-limit
distribution.

4.1. Fiscal-limit indicators

To facilitate comparisons of fiscal limits across years, two indicators are introduced that reduce the
fiscal-limit distribution to a single value. To make the results comparable, these indicators are based
on the fiscal-limit distribution with the LFA buffer.

Debt thresholds

The debt threshold bf associated with a given probability of unavoidable default p is defined as the
(100p)th percentile of the fiscal-limit distribution B?%/.

For lower levels of p, such as 2.5%, 5%, or 10%, bf can be interpreted as an estimate of the safe debt
level. It corresponds to the debt threshold at which the probability of unavoidable default is limited
to p. In the remainder of the paper, the 5% threshold is used as the main safe-debt benchmark.

For higher levels of p, such as 90%, bf can be interpreted as an estimate of the debt limit. At such
levels, the probability of default, which is necessarily at least as high as the probability of unavoidable
default, is already elevated, and financing conditions would plausibly be severely strained. Even at
p = 50%, debt-financing costs would likely be significant, given that they are assumed to increase with
default risk.

Table 2: Debt thresholds as a ratio to GDP

Probability 2.5 5 10 50 90
Debt threshold bZ5% [y, b5 /y, b1 /y, bi™ [y, b /y,

Base year 2024 34.3% 46.3% 58.8% 104.7% 150.7%
Base year 1999 94.5% 105.9% 117.9% 163.6% 211.0%

Source: author’s calculations
Note: Base year 2024 has been chosen as the last year in the estimation dataset. Base year 1999 has been chosen as the first year of
estimation dataset, for which LFA data are available.

Unavoidable default risk

The debt thresholds defined above omit information about the level of government indebtedness and
therefore serve primarily as debt targets. The unavoidable default risk indicator complements them by
evaluating the fiscal-limit distribution with the LFA buffer at the observed base-year debt-to-GDP ratio,

Pe(be/ye).
4.2. Forecast

The probability of unavoidable default, conditional on the k-year-ahead forecasted state of the
economy S;. (the conditional forecast), is given by

Pe+ic(X[Seix) = PriXepr <xISesi) Xewn~B* (Sevrr Qi) (21)
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From the law of total probability, given that the forecasted state S;,, has the joint distribution
function Fg(-), the forecasted state-unconditional®® probability of unavoidable default
(the unconditional forecast) is

Perr(x) = fmspt+k(xlst+k =s) dFs(s). (22)

Since the probability of unavoidable default Figure 3: Forecasted five-year-ahead fiscal-limit
corresponds to a fiscal-limit CDF, probability (22) _COF for 2029

also defines a fiscal-limit distribution. The standard 1.0
deviation of the forecasted state-unconditional £ g

©
distribution is generally higher than that of the g 06
forecasted state-conditional distribution (Figure §*—; ’
3). 5§ 04

b ® Conditional
The forecasted values of the fiscal-limit indicators §  0-2 "
. S +ee<+ Unconditional
in the proposed framework are based on the £ g
conditional forecast p; 41 (x|S¢4x), rather than on S fré: § o\é 08\" D\So §
the unconditional forecast, for two reasons. First, = — N ~N )
although the distribution function Fg(-) can be Gross debt-to-GDP ratio
estimated through Monte Carlo simulations Source: author’s calculations

(Figure 3) calculating the unconditional forecast Note: The results are presented without the LFA buffer. The
! . . . . conditional forecast is based on the CBR forecast (CBR, 2025b),

for a large number of simulations is numerically il the unconditional forecast is derived from the projected

demanding. Second, the conditional forecast can  Paths of the estimation model.

be used to evaluate the fiscal-limit indicators for a

given scenario, which is relevant for policy evaluation.

Figure 4: Safe debt thresholds as a percentage of Figure 5: Unavoidable default risk
GDP
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Note: The shaded area represents the conditional forecast. Note: The shaded area represents the conditional forecast.

The forecast shows that the safe debt thresholds change only moderately over the medium term
(Figure 4, shaded area), including the 5% benchmark threshold used below. By contrast, unavoidable
default risk increases over the same period (Figure 5, shaded area). This difference arises because
unavoidable default risk depends not only on the fiscal-limit distribution, but also on the observed

16 The forecasted state-unconditional probability of unavoidable default remains conditional on the deterministic OADR.

~N
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level of government debt. The remainder of the analysis therefore focuses on decomposing the 5%
safe debt threshold and the unavoidable default risk at the observed level of debt.

4.3. Decomposition

The fiscal-limit indicators are decomposed into two parts: (i) a deterministic long-term trend,
consisting of the steady-state component and the deterministic effect of demographic ageing; and (ii)
a base-year effect, capturing deviations of initial conditions from their long-term trends.

This decomposition is obtained by setting the base-year values of the model variables A;, g¢, Z;, by, Lt
and 1, to their respective deterministic long-term trends. For most variables, this trend is simply their
steady-state value. For transfers, however, the deterministic trend z; also reflects the projected path
of the OADR and is given by

_ Y
=z+——+(0;—0). 23
Zt 4 (1 _ pz)( t ) ( )
The resulting indicator values define the deterministic long-term trend of the fiscal-limit indicators,
driven over time by demographic ageing (Figure 6 and Figure 7, ). The difference between the

actual indicator values and their deterministic trends is interpreted as the base-year effect (Figure 6
and Figure 7, blue).

Figure 6: Decomposition of the 5th percentile debt Figure 7: Decomposition of the unavoidable
threshold default risk
140 - 21
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Deterministic trend (steady state and ageing) M Base year
Source: author’s calculations Source: author’s calculations

The deterministic trend contribution can be further decomposed into a pure steady-state component,
obtained by keeping the OADR at its steady-state value throughout the projection, and a deterministic
ageing component. The ageing component is the main driver of the long-term movement in the
fiscal-limit indicators, as it captures the gradual increase in ageing-related fiscal pressure. Once the
OADR stabilises in the long run (Figure 1), the ageing effect on the fiscal-limit indicators also diminishes.
A long-term projection of the deterministic trend of the 5% safe debt threshold is presented in
Appendix B.

Ageing is not the only factor increasing unavoidable default risk, especially over the forecast horizon.
In the absence of the base-year effect, unavoidable default risk in 2024 would be 3.6% (Figure 7),
compared with the actual estimated value of 10.3%. The deterministic trend and the base-year effect

(o]
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should not be interpreted as directly comparable structural contributions. Rather, the decomposition
shows what the fiscal-limit indicators would be under the deterministic trend alone, and how much
current base-year conditions add on top of that trend.

The decomposition of the base-year effect (Figure 6 and Figure 7, blue) is performed by setting the
value of one of the variables A, g¢, Z;, b, I and T, to its estimated base-year value, while keeping the
remaining variables at their deterministic trend levels. Since these contributions are not additive, an
interaction term is calculated to match the total base-year effect. Under equations (6) and (7), the
productivity component captures not only the effect of productivity on output and labour supply, but
also its effect on future government consumption and transfers.

Figure 8: Base-year contributions to the 5th Figure 9: Base-year contributions to the
percentile debt threshold unavoidable default risk
16
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The main base-year factor raising unavoidable default risk is the level of government debt. Because
the fiscal-limit distribution is non-linear (Figure 2) and the deterministic trend shifts over time, the
individual base-year components affect unavoidable default risk differently across years (Figure 9).
Their marginal impact increases as fiscal space narrows due to population ageing.

For the 5% safe debt threshold, one of the main base-year drivers is tax-rate policy. As noted above,
Slovakia has not historically been in the steady state characterised by (1 — )b = s. This is partly
because the tax rate has been below its steady-state value, which raises output above its steady-state
level through equation (10). Since Figure 8 reports values in percentage points of GDP, output above
its steady-state level generates a negative contribution from the base-year value of the tax rate.

The base-year value of government debt does not affect the 5% safe debt threshold. Conversely, the
base-year value of the tax rate does not affect unavoidable default risk, because this indicator
compares the observed debt-to-GDP ratio with the fiscal-limit distribution expressed in the same debt-
to-GDP terms. A change in the base-year tax rate affects the common GDP denominator through
equation (11), but this effect cancels out in the comparison.
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5. Conclusion

This paper provides quantitative evidence on how population ageing and current fiscal conditions
shape Slovakia’s unavoidable default risk and long-term fiscal space (defined as the difference between
the fiscal limit and government debt).

A fiscal-limit model for Slovakia is estimated that explicitly incorporates deterministic demographic
ageing and replicates the observed dynamics of government debt. By treating sovereign default as the
consequence of the government’s inability to satisfy the intertemporal budget constraint, the analysis
focuses on structural drivers of fiscal stress rather than on the default event itself. The key innovation
relative to the existing literature is the introduction of a deterministic trend through the prospective
old-age dependency ratio. Several aspects of the framework could be developed further, including the
treatment of deterministic ageing and the role of liquid financial assets. However, to keep the model
tractable, the paper adopts simplified treatments of these channels, leaving scope for richer extensions
in future work.

Two indicators summarise the fiscal-limit distribution: debt thresholds associated with given
probabilities of unavoidable default, and the unavoidable default risk at the observed level of debt.
These indicators translate the model-based fiscal-limit distribution into quantities that are directly
interpretable for fiscal policy. For the 2024 base year, the 5% safe debt threshold, defined as the 5th
percentile of the fiscal-limit distribution with the LFA buffer, is 46.3% of GDP, compared with 105.9%
in 1999 (Table 2). This indicates that demographic ageing and the evolution of fundamentals have
reduced Slovakia’s safe debt level by around 60 percentage points of GDP.*” Importantly, observed
government debt in 2024 is already above this model-based safe level, meaning that fiscal space has
not only narrowed over time but is already materially constrained.

The results highlight two main findings. First, population ageing is a significant determinant of the
long-term safe debt level. As the projected old-age dependency ratio increases, the government’s
capacity to generate primary surpluses is gradually eroded, shifting the fiscal-limit distribution towards
lower debt levels. Even if current fiscal conditions were aligned with their long-run trends,
demographic pressures alone would increase unavoidable default risk over time. Second, the current
level and projected path of government debt materially affect unavoidable default risk. In Slovakia’s
case, debt already makes a substantial contribution to base-year default risk, and its marginal impact
increases as demographic ageing tightens the fiscal constraint (Figure 9).

The decomposition of the fiscal-limit indicators shows that the deterministic trend driven by
demographic ageing and the base-year deviations from that trend play complementary roles.
Demographic ageing shapes the long-run trajectory of the fiscal limit, while the initial fiscal position,
especially the level of government debt, determines how quickly fiscal space is exhausted.

From a policy perspective, the relevant message is stronger than a comparison with the statutory debt
ceiling alone. In the calibration used in this paper, the steady-state debt target is 50% of GDP, equal to
the upper boundary of the statutory debt brake, while the model-based safe debt level under the 5%
unavoidable-default-risk benchmark is 46.3% of GDP in 2024. Since observed debt is already above this
safe level, there is no fiscal cushion between current debt and the debt level at which unavoidable

17" Since the shape of the fiscal-limit distribution is largely time-invariant, a similar decline is observed across debt thresholds
defined for other probabilities of unavoidable default.
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default risk becomes meaningfully elevated. In an ageing economy, stabilising debt at its current level
would therefore not be sufficient to restore a low-risk fiscal position.

Although the model does not explicitly incorporate all policy instruments available to governments in
practice, the policy implication remains clear. To keep the probability of unavoidable default
contained, the government needs to place the debt-to-GDP ratio on a downward path rather than
merely stabilise it at current levels. It also needs to ensure, through the broader set of policy
instruments available in practice, that the future path of age-related expenditure remains compatible
with its long-run capacity to generate primary surpluses.
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Appendix A. Data

The estimation (and conditional forecast) dataset includes six observables. Five are fiscal variables
expressed as ratios to GDP: gross debt, primary surplus, transfers, tax revenue, and SFA. Their historical
values are taken from Eurostat and cover the period 1995-2024. Forecasted values of the fiscal
variables are taken from CBR 2025-2029 medium-term fiscal forecast (CBR, 2025b). LFA are defined
as the difference between gross and net debt. Missing LFA data points prior to 1999 are backfilled
using the 1999 value.

The sixth variable is the prospective OADR (Figure 1). Historical values of prospective OADR are
calculated from Eurostat data, while forecasted values come from the CBR demographic projections
used in CBR (2025a).

Figure 10: Government debt as a percentage of Figure 11: Primary surplus and SFA as a
GDP percentage of GDP
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Source: Eurostat, CBR
Note: The shaded area indicates the CBR forecast.

Source: Eurostat, CBR
Note: The shaded area indicates the CBR forecast.

The model tax rate corresponds directly to the tax-revenue-to-GDP ratio, since the model features only
a labour income tax. Tax revenue is defined as total receipts from taxes and social contributions
(including imputed social contributions), after deduction of amounts assessed but unlikely to be
collected. Transfers are defined as social benefits other than social transfers in kind.

Figure 12: Tax revenue as a percentage of GDP Figure 13: Transfers as a percentage of GDP
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Government consumption is not included among the observed variables; it is implied by other fiscal
variables as a residual.

Similarly, since the interest rate is not included in the set of observed variables, the unit price g; of
one-period zero-coupon government bonds is implied by the other variables entering equation (3).
Given the absence of default in the estimation environment, this is equivalent to backing out the
bond’s gross return 1/q;. The observable variables were chosen to ensure that the model replicates
the observed debt dynamics.:s

Appendix B. Long-term deterministic trend

The long-term deterministic trend isolates the part of the fiscal-limit indicators that is driven by the
model’s steady state and by the deterministic path of demographic ageing. In this counterfactual
exercise, all variables except the OADR and transfers are set to their steady-state values. The OADR
follows its deterministic projection, while the trend in transfers Z; evolves according to equation (23).

Figure 14 shows the resulting long-term deterministic trend of the 5% safe debt threshold. The decline
in the threshold reflects the projected increase in the OADR and the associated rise in transfers. Once
the OADR stabilises in the long run, the deterministic trend also stabilises.

Figure 14: Long-term deterministic trend of the 5% safe debt threshold as a percentage of GDP
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Note: The shaded area represents the projections.

18 |n the case of Slovakia, observing the real interest rate instead of the primary surplus, as is common in similar models (Bi
& Traum, 2014), may result in the model estimating a positive primary balance when debt decreases. However, Slovakia’s
primary balance was persistently negative (Figure 11). Hence, historical debt stabilisation did not occur primarily through
improvements in the fiscal balance. Instead, the main stabilising factor has been the interest-growth differential, which
partially corresponds to the bond’s gross return 1/q;.
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Appendix C. Sensitivity analysis

Since the model is estimated using Bayesian methods, 90% highest posterior density (HPD) intervals
are available as an additional result. A simple ceteris paribus sensitivity analysis (Figure 15) can be
conducted by changing one model parameter at a time to the value corresponding to either the lower
or upper bound of its HPD interval.

While changes in the standard deviations of shocks, persistence parameters, and productivity-impact
parameters affect the shape of the fiscal-limit cumulative distribution function, changes in the Frisch
elasticity (through T™2X), the ageing impact parameter, and the steady-state values of the government
consumption-to-GDP and transfers-to-GDP ratios shift the entire fiscal-limit distribution. This shift
results from changes in the level of projected maximum primary surpluses.

Figure 15: Ceteris paribus sensitivity analysis: fiscal-limit CDF
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Source: author’s calculations
Note: The results are presented with the LFA buffer. Base year 2024 is chosen as the last year of the estimation dataset. Grey lines represent
parameters set to their posterior median values. Blue lines represent parameters set to the lower bound of the 90% HPD interval, and gold
lines represent parameters set to the upper bound of the 90% HPD interval. The x-axis represents the debt-to-GDP ratio, ranging from 0%
to 200%.
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Appendix D. Numerical solution

The estimated conditional fiscal-limit distribution is calculated using Monte Carlo methods. The
economy is simulated for 200 years after the base year, at which point the discount factor d;,,q¢ is
sufficiently low. For each of the 10 000 stochastic simulations, independently normally distributed
shocks s{‘”, sf+j,£tz+j, S[Jrj are drawn for all j € {1,2,...,200}. Given the deterministic path of the
OADR ), the base-year state of the economy, and the tax rate fixed at 7™2%, the stochastic discounted
sum of the maximum primary surpluses net of SFA is calculated.

The forecasted probability of unavoidable default is based on a constrained-path conditional forecast.

In the case of the forecasted state-conditional probability of unavoidable default, the constrained
variables correspond to the observed variables used in estimation. Since the number of observed
variables equals the number of exogenous shocks, the constrained-path forecast is fully deterministic.

In the case of the forecasted state-unconditional probability of unavoidable default, the only
constrained variable is the OADR. The distribution function Fg(-) is estimated using Monte Carlo
methods, based on 1 000 k-years-ahead projected states S;, .-

Bayesian estimation and the constrained-path conditional forecast are implemented in Dynare, version
6.3; see Adjemian et al. (2024).

o 26 |‘ “" |‘|




g—

© Secretariat of Council for Budget Responsibility
TWIN CITYB

Mlynské nivy 12

821 09 Bratislava

Slovakia

www.rrz.sk/en/

www.rrz.sk




    y  t


    A  t


    n  t


    c  t


    g  t


    y  t ≡   A  t   n  t =   c  t +   g  t .


       A  t − A =   𝜌  A  (   A  t − 1 − A ) +   𝜎  A   𝜀  t  A ,    𝜀  t  A ~ N  ( 0 , 1 ) ,


  A


    b  t


    q  t


    q  t


  t


    q  t


  t + 1


  1 /   q  t


  ( 1 −  Δ  t + 1 ) /   q  t


    s  t


    f  t


    q  t   b  t =  ( 1 −  Δ  t )   b  t − 1 −   s  t +   f  t .


    b  t − 1


   Δ  t


  f


       f  t − f =   𝜎  f   𝜀  t  f ,    𝜀  t  f ~ N  ( 0 , 1 ) .


    𝜏  t


    z  t


    s  t =   𝜏  t   A  t   n  t −   g  t −   z  t


    O  t


       g  t − g =   𝜌  g  (   g  t − 1 − g ) +   𝜎  g   𝜀  t  g +   𝜒  g  (   A  t − A ) ,    𝜀  t  g ~ N  ( 0 , 1 ) ,


       z  t − z =   𝜌  z  (   z  t − 1 − z ) +   𝜎  z   𝜀  t  z +   𝜒  z  (   A  t − A ) + 𝜓  (   O  t − O ) ,    𝜀  t  z ~ N  ( 0 , 1 ) ,


  g , z


  O


    𝜒  g


    𝜒  z


  𝜓


      max     {   c  t ,   n  t ,   b  t }  t ≥ 0    E 0   ∑  t = 0 ∞    𝛽  t  ln ⁡   (   c  t −   𝜅  1 +  1  𝛼   n  t   ( 1 +  1  𝛼 ) ) ,   s . t .   ( 1 −   𝜏  t )   A  t   n  t +   z  t +   f  t +  ( 1 −  Δ  t )   b  t − 1 =   c  t +   q  t   b  t .


  𝛽


  𝜅


  𝛼


    E  t


  t


    v  t


    v  t ≡   c  t −   𝜅  1 +  1  𝛼   n  t   ( 1 +  1  𝛼 ) .


    n  t =    (    ( 1 −   𝜏  t )   A  t  𝜅 )  𝛼 ,


    q  t =   E  t  [ 𝛽     v  t    v  t + 1  ( 1 −  Δ  t + 1 ) ] .


    b  t


    q  t


     lim  j → ∞ ⁡    E  t  [   𝛽  j + 1     v  t    v  t + j + 1  ( 1 −  Δ  t + j + 1 )   b  t + j ] = 0 .


    O  t


  1 +   O  t


    𝜀  t  z


    b  t =   E  t   ∑  j = 1 ∞    d  t + j − 1  (   s  t + j −   f  t + j ) .


  1 /   q  t


    d  t


       d  t + j − 1 ≡   E  t  1    q  t   ∏  k = 1  j      q  t + k − 1  1 −  Δ  t + k =   E  t  [     𝛽  j − 1  1 −  Δ  t + 1     v  t + 1    v  t + j ] ,  ∀ j ≥ 1 .


    p  t  ( ⋅ )


   ℬ ∗


    𝐒  t ≡  (   A  t ,   g  t ,   z  t ,   f  t ,   𝜏  t )


   Ω  t ≡    {   O  t + j }  j ≥ 1


         p  t  ( x ) = Pr  (   X  t < x ) ,    X  t ~  ℬ ∗  (   𝐒  t ,  Ω  t ) .


   ℬ ∗  (   𝐒  t ,  Ω  t ) =  1    y  t    max     {   𝜏  t + j }  j ≥ 1 ⁡    E  t      ∑  j = 1 ∞    d  t + j − 1  (   s  t + j −   f  t + j ) |     ∀ j ≥ 1 :   Δ  t + j = 0 .


     {     𝜏 ^  t + j }  j ≥ 1


    𝜏 max


     {     𝜏 ^  t + j }  j ≥ 1


    𝜏  t + j =   𝜏 max


  j ≥ 1


    𝜏 max ≡  1  1 + 𝛼


    l  t


    l  t


   ℬ  b u f


   ℬ  b u f  (   𝐒  t ,   l  t ,  Ω  t ) =     l  t −   l min    y  t +  ℬ ∗  (   𝐒  t ,  Ω  t ) ,


    l min


    l min


    l min


    l  t


    l  t −   l  t − 1


    𝜎  f   𝜖  t  f


    𝜏 max


   ( 1 − 𝛽 ) b = s


  s


    g  y


    z  y


    b  y


    l min


    l min


    𝜏 max


    𝜀  t  𝜏


       𝜏  t − 𝜏 =   𝜌  𝜏  (   𝜏  t − 1 − 𝜏 ) +   𝜎  𝜏   𝜀  t  𝜏 + 𝛾  (   b  t − b ) ,    𝜀  t  𝜏 ~ N  ( 0 , 1 ) ,


  𝜏


  b


       O  t − O =   𝜌  O  (   O  t − 1 − O ) +   𝜎  O   𝜀  t  O ,    𝜀  t  O ~ N  ( 0 , 1 ) .


    𝜌  O


    𝜎  O


   Δ  t


   Δ  t


  𝛽


  𝜅


    l min


  A


  n


    b  y


    f  y


    l  y


  O


  𝛼


    𝜓 ˘


    𝛾 ˘


      𝜒 ˘  g


      𝜒 ˘  z


    g  y


   12


    z  y


   12


    𝜌  A


    𝜌  g


    𝜌  z


    𝜌  𝜏


    𝜌  O


    𝜎  A


      𝜎 ˘  g


      𝜎 ˘  z


      𝜎 ˘  f


    𝜎  𝜏


    𝜎  O


   Δ  t


   Δ  t


    b  t ,   g  t ,   z  t ,   f  t


            𝜎 ˘  g =     𝜎  g  y ,      𝜎 ˘  z =     𝜎  z  y ,      𝜎 ˘  f =     𝜎  f  y ,        𝜓 ˘ =  1  y   𝜓   ( 1 −   𝜌  z ) ,    𝛾 ˘ = y   𝛾   ( 1 −   𝜌  𝜏 ) ,      𝜒 ˘  g =  1  y     𝜒  g   ( 1 −   𝜌  g ) ,      𝜒 ˘  z =  1  y     𝜒  z   ( 1 −   𝜌  z ) .


      𝜒 ˘  z


    𝜓 ˘


      𝜒 ˘  g


    𝛾 ˘


    𝜏 max ≡  1  1 + 𝛼


  𝛼


    𝜏 max


    b  t


    q  t


   Ω  t ≡    {   O  t + j }  j ≥ 1


   Δ  t + j = 0


  j ≥ 1


    𝜏  t + j =   𝜏 max


  j ≥ 1


    𝐒  t ≡  (   A  t ,   g  t ,   z  t ,   f  t ,   𝜏  t )


    l  t


    c  t + j


    n  t + j


    y  t + j


    q  t + j


    s  t + j


    g  t + j


    z  t + j


    f  t + j


    b  t


    p  t (     b  t    y  t )


    c  t


    n  t


    y  t


    q  t


    b  t


    s  t


    g  t


    z  t


    f  t


    𝜏  t


    O  t


    b  t  p


  p


   ( 100 p )


   ℬ  b u f


  p


    b  t  p


  p


  p


    b  t  p


  p = 50 %


      𝒃  𝒕  𝟐 . 𝟓 %    𝒚  𝒕


      𝒃  𝒕  𝟓 %    𝒚  𝒕


      𝒃  𝒕  𝟏 𝟎 %    𝒚  𝒕


      𝒃  𝒕  𝟓 𝟎 %    𝒚  𝒕


      𝒃  𝒕  𝟗 𝟎 %    𝒚  𝒕


    p  t (     b  t    y  t )


  k


    𝐒  t + k


       p  t + k  (  x |    𝐒  t + k ) =   Pr  (    X  t + k < x |    𝐒  t + k ) ,    X  t + k ~  ℬ ∗  (   𝐒  t + k ,  Ω  t + k ) .


    𝐒  t + k


    F  𝐒  ( ⋅ )


    p  t + k ( x ) =     ∫   ℝ 5    p  t + k  (  x |    𝐒  t + k = 𝐬 )   d   F  𝐒  ( 𝐬 ) .


    p  t + k  (  x |    𝐒  t + k )


    F  𝐒  ( ⋅ )


    A  t ,   g  t ,   z  t ,   b  t ,   l  t


    𝜏  t


      z -  t


      z -  t = z +   𝜓   ( 1 −   𝜌  z )  (   O  t − O ) .


    A  t ,   g  t ,   z  t ,   b  t ,   l  t


    𝜏  t


   ( 1 − 𝛽 ) b = s


    q  t


  1 /   q  t


  1 /   q  t


      z -  t


    𝜏 max


  𝛼


    𝜓 ˘


    g  y


    z  y


    𝜎  A


      𝜎 ˘  g


      𝜎 ˘  z


      𝜎 ˘  f


    𝜌  A


    𝜌  g


    𝜌  z


      𝜒 ˘  g


      𝜒 ˘  z


    d  t + 200


    𝜀  t + j  A ,   𝜀  t + j  g ,   𝜀  t + j  z ,   𝜀  t + j  f


  j ∈  { 1 , 2 , … , 200 }


   Ω  t


    𝜏 max


    F  𝐒  ( ⋅ )


  k


    𝐒  t + k

